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We show that there are two different ways of calculating the average electric field of a supercon-
ducting cable in conduit conductor depending on the relation between the current transfer length
and the characteristic self-field length.
PACS numbers:
Keywords:
I. INTRODUCTION
Measuring the volt-ampere characteristic of supercon-
ducting cable-in-conduit conductors is one of the most
important way to completely characterize their DC be-
havior. In order to measure the voltage drop along the
conductor, voltage taps are placed on the conduit (a Ti
or stainless-steel jacket) at some distance apart in the
high field region of the sample. This distance should
be greater than the length of the twist pitch of the last
cabling stage in order to comply with the request of com-
plete transposition of strands.
The superposition of the magnetic field produced by
the transport current in the sample and the external
background field B0 results in a linear magnetic field gra-
dient in the sample cross-section as shown in Fig.1.
On a certain line the magnetic field will vary between
a minimum Bmin and a maximum value Bmax. Each
strand among the thousands of strands in the cable ’trav-
els’ on a complicated spiraled path trough this field gra-
dient and has therefore different locally defined critical
FIG. 1: Two typical strand trajectories in a given section of
the cable with a field gradient as a result of the superposition
of the uniform background field with the self-field of the ca-
ble. In this configuration the field gradient points in the Ox
direction.
currents. Two typical strand trajectories are shown in
Fig.1. Assuming that all strands are charged uniformly
with current by a perfect joint, as soon as the strands
arrive in the high field region of the cable, the condition
is met that some strands will happen to carry a current
higher that the local critical current imposed by the lo-
cal magnetic field in the cable at this position. Depend-
ing on the degree of transversal conductance between the
strands, a more or less intensive current transfer process
starts. If the transversal conductance is high and the
length of the strand path is large, at steady state the
current in each strand will be modulated following more
or less the magnetic field pattern seen by the strand on its
path. The measured electric field is then an average of the
electric fields generated by the strands in the cable. The
average electric field can be calculated by integrating the
electrical field along the length of the strands. Assuming
that the cable is ergodic1 this average is equal with the
cable cross-section ensemble average calculated using the
strand geometrical probability distribution2. This geo-
metric averaging and some subtleties involved in their
calculation is the object of the present investigation.
II. TWO CHARACTERISTIC LENGTHS IN
CABLE
Excepting the cables made of insulated strands, in real
cables there is always a certain current transfer pos-
sible. Depending on the inter-strand transversal resis-
tance, the current transfer length LCT is defined as the
length needed to balance an initial current inhomogene-
ity. Extending (without proof) to a full-size cable the
relation proposed earlier by Ekin3 for the filaments in a
strand, we can define a current-transfer length LCT by
LCT =
(
0.1
n
) 1
2
(
ρt
ρc
) 1
2
Dc (1)
where Dc is the cable diameter, ρt is the transversal re-
sistivity, a measure of the inter-strand contact resistance
and ρc is the resistivity criterion, ρc = EcJc defined with
the help of the electric field criterion Ec and the critical
current density Jc. n is the power-law index from the
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2nonlinear current-voltage characteristic of the supercon-
ducting strands
E = Ec
(
J
Jc
)n
(2)
The strand position in the cable cross-section
P (x(z), y(z)) can be described with a very good accu-
racy by the following equations:
xi(z) =
S∑
k=1
rk cos(
2piz
pk
+ φi)
yi(z) =
S∑
k=1
rk sin(
2piz
pk
+ φi) (3)
where: z is the axial coordinate along the cable axis, rk
and pk are the radius and the twist-pitch of the k-th stage
and S the number of stages. The index i ∈ 1..N and the
phases φi are introduce to describe different strands with
different initial positions. N is the number of strands in
the cable. We adopt here the convention that the twist-
pitch increases with the k index, the smallest being p1
and the greatest plast = pS . If we follow and record the
position of one strand at enough many slices at coordi-
nate zn = npS , an integer multiple of the last twist-pitch
length, we will see that these recorded positions cover al-
most uniformly the cross-section of the cable. Moreover,
if we look at all strands position in one slice we will see
a similar uniform distribution. From a statistical point
of view we can not distinguish between the two pictures.
In this case we say that the cable is ergodic and we can
replace the average over the length of one strand by an
average over all strands in one slice. Stated in a more
simple way, the average over the length L of any physi-
cal cable property X can be replaced by a cross-section
average with a suitable probability distribution function
w(x, y)
〈X〉 = 1
L
∫
X(s)ds =
∫
w(x, y)X(x, y)dxdy (4)
with s the coordinate along the cable length and 〈X〉
is the average of X.
The fact that the cable cross-section is circular and is
covered by a magnetic field distribution in the form of a
linear gradient as shown in Fig.1 forces us to calculate the
probability distribution function of the strands having
coordinate between x and x+dx but an arbitrary value of
y. All this strands feel the same magnetic field. This new
distribution function can be calculated with the relation
w(x)dx =
dN(x)
N
(5)
where dN(x) is the number of strands having coor-
dinate between x and x + dx and N the total number
FIG. 2: Effect of magnetic field gradient in the cable cross-
section on the critical current of strands.
of strands in the cable. If the strands are uniformly
distributed in the cable cross-section with a density n0,
dN(x) and N are proportional to the area of the stripe
of width dx (Fig.1), dN(x) = n0dA = 2n0
√
r2c − x2dx
and the total cross-section area of the cable, N = n0A =
n0pir
2
c .
After substitution in Eq.5 one obtains
w(x) =
2
√
r2c − x2
pir2c
(6)
If the twist pitch length of the last stage plast is long,
the strands on the high field region of the cross-section
field gradient will have a local critical current which is
lower than the carried current and the strands on the
low field region of the gradient, a critical current higher
than the own current. This is illustrated in Fig.2a.
In this case the averages can be calculated with a dif-
ferent probability function, p(B) which can be calculated
with the help of the probability distribution w(x).
Let us represent the magnetic field distribution in the
cable as
B(x) = B0 + kx (7)
3where B0 is the background magnetic field and k a
proportionality constant. As shown in Fig.1, Bmin =
B(−rc) = B0 − krc = B0 − ∆B and Bmax = B(rc) =
B0 + krc = B0 + ∆B. We treat now x as a random
variable defined on the interval [−rc, rc] with the distri-
bution w(x) given by Eq.6. By virtue of Eq.7, B(x) is also
a random variable. Let us calculate now the probability
distribution function of B(x), a function of the random
variable x with probability distribution function w(x).
We start with the standard definition of a probability
distribution of a random variable which is a function of
another random variable with known distribution
p(B) =
∫ rc
−rc
w(x)δ(B −B(x))dx =
=
∫ rc
−rc
2
√
r2c − x2
pir2c
δ(B −B(x))dx (8)
The integral in Eq.8 can be calculated with the help
of the following known relation in the theory of δ-
distribution function
∫
f(x)δ(g(x))dx =
∑
n
f(xn)∣∣∣∣∂g∂x
∣∣∣∣
x=xn
(9)
where xn are the roots of the equation g(x) = 0. In our
case, g(x) = B − B(x) = B − B0 − kx = 0, has a single
root x1 = (B −B0)/k and ∂g/∂x = k. Substituting this
in Eq.8 we obtain
p(B) =
2
√
r2c − x21
pir2c
1
k
=
=
2
pikr2c
√
r2c −
(
B −B0
k
)
=
=
2
pi(∆B)2
√
(δB)2 − (B −B0)2 (10)
This function is the probability distribution of the field
B ∈ [Bmin, Bmax]. If we perform a change of variable
B − B0 → B, the probability distribution function can
be written as
p(B) =
2
pi(∆B)2
√
(∆B)2 −B2 (11)
where now the variable B ∈ [−∆B,∆B].
Let us apply this relation to the calculation of the av-
erage critical current in a cable. From Eqs.4 and 6 we
have
〈Ic〉 =
∫ ∆B
−∆B
p(B)Ic(B0 +B)dB =
=
∫ ∆B
−∆B
2
√
(∆B)2 −B2
pi(∆B)2
Ic(B0 +B)dB (12)
If the twist pitch is shorter than the current-transfer
length, the current-carrying capacity of the strand will
be determined by the critical current at the most highly
field in the cable cross-section. The strand who crosses
the Bmax position at x = rc will keep its current I =
Ic(Bmax) all over the way down from that section and
will create a circular region of constant current An. The
same is true for all other strands who pass a region with
a field intensity B0 < B < Bmax thus creating circu-
lar regions of constant current An−1, An−2, ..., A2, A1, A0
as shown in Fig.2b. The linear field gradient on the ca-
ble cross-section, created by the overlapping of the self
and background fields, is replaced by a circular current
distribution. Applying Eq.5 to this case and observing
that dN(x) = n02pixdx and N = n0pir
2
c we obtain the
distribution function for this case
w(x) =
2x
r2c
(13)
where x ∈ [0, rc]. The probability distribution of the
field can be calculated similar with the calculation per-
formed before for the long twist pitch case. We have
p(B) =
∫ rc
0
w(x)δ(B −B(x)) =
=
2(B −B0)
(krc)2
(14)
with B in the range [B0, Bmax]. If we change the field
variable B−B0 → B and observe that krc = ∆B we can
write the probability distribution as
p(B) =
2B
(∆B)2
(15)
where B ∈ [0,∆B]. The average of critical current
calculated with this distribution is
〈Ic〉 =
∫ ∆B
0
2B
(∆B)2
Ic(B0 +B)dB (16)
and applies if the last twist pitch of the cable is shorter
than the current-transfer length.
III. INCLUDING THE ANGULAR
DISTRIBUTION IN THE AVERAGE PROCESS
The average calculated with the geometrical probabil-
ity distribution function does not take into account the
fact that not all strands cut the cable section at the same
angle. A longitudinal cut trough a cable reveals this
problem. As shown in Fig.3, the cut-off cross-section of
strands close to the cable center is very large (elongated
ellipses) indicating that these strands are almost parallel
4FIG. 3: A longitudinal cut in a cable in conduit conduc-
tor. The cross-section of the cut in the strands is decreasing
radially from center to the edge.
with the cable axis. Moving away from cable axis in the
radial direction, the cross-section area of the strand-cuts
decrease reaching a minimum (almost circular) at the ca-
ble edge, where the strands are almost perpendicular to
the cable axis.
Therefore, besides the uniform distribution of strand
position in the cable cross-section which leads to the ge-
ometrical probability distribution w(x) of Eq.6, we have
also a radial distribution of strand angles relative to the
cable axis. Both distribution overlap, coexist and are
interrelated. The cable phase-space is therefore not re-
stricted to the set of points {xi(z), yi(z)}i∈N. It should
be extended to the set {xi(z), yi(z), x′i(z), y′i(z)}i∈N with
x′i = dxi(z)/dz and y
′
i(z) = dyi(z)/dz, where x
′
i and y
′
i
are the tangent of the angles the strand makes with the
Ox and Oy axis.
tan θx,i(z) = x
′
i(z)
tan θy,i(z) = y
′
i(z) (17)
In this section a new average formula will be developed
which accounts for this extension.
Usually, one calculates the average electric field by con-
sidering a geometry as in Fig.1 where the vertical stripe
of width dx includes all strands sensing the same local
magnetic field B(x). The strand cut-angle has a radial
distribution as illustrated in Fig.3. The angular aver-
age is calculated using a set of concentric rings of width
dr containing strands having the same cut-angle θ(r) as
shown in Fig.4. The variation of the cut-angle with the
radius is encoded in the θ dependence of r, a smooth
convex function. In order to calculate the probability
distribution function, we make a change of variable from
initial variables x, y to the variables x, r. The transfor-
mation is
x ≡ x(r, x) = x; y ≡ y(r, x) =
√
r2 − x2 (18)
FIG. 4: The distribution of strand cut-angles in a typical
cable in conduit conductor.
The Jacobian of this coordinate transformation is
J =
∣∣∣∣∣∣∣∣
∂x
∂x
∂x
∂r
∂y
∂x
∂y
∂r
∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
1 0
− x√
r2 − x2
r√
r2 − x2
∣∣∣∣∣∣∣ =
=
r√
r2 − x2
(19)
The average electric field 〈E〉 is calculated with the
basic relation
〈E〉 =
∫
dA
A
E(x, y) =
∫
dxdr
A
E(x, r, θ)J (20)
where A is the cross-section area of the cable. If we
use the Jacobian, Eq.19 we get
〈E〉 = 1
A
∫
dxdyE(x, y, θ) =
=
2Ec
pir2c
∫ rc
−rc
dx
∫ rc
x
rdr√
r2 − x2
(
J
Jc(x)
cos(θ(r))
)n
(21)
where we have taken into account that only the normal
component of the current density J cos(θ) contributes to
the axial electric field. Separating the variables one fi-
nally obtains
〈E〉 = 2Ec
pir2c
∫ rc
−rc
dx
[
J
Jc(x)
]n ∫ rc
x
dr
r cosn(θ(r))√
r2 − x2 (22)
This formula has a very simple structure. The average
electric field is first the ”sum” of local electric fields in the
cable cross-section of constant field times a weighting fac-
tor w(x) which is contained in the second (the r-integral).
5The limiting case is when all strands are parallel to the
cable axis. Then, θ(r) = 0 for all r ∈ [0, rc] and we get
w(x) =
2
pir2c
∫ rc
x
dr
r√
r2 − x2 =
2
√
r2c − x2
pir2c
(23)
which is the well known geometric probability distribu-
tion function2 for a simply connected cable with circular
cross-section.
In other words we can keep the standard formula for
the average electric field
〈E〉 =
∫ rc
−rc
w(x)E(x)dx (24)
but with a modified weight or probability distribution
function
w(x) = wθ(x) =
2
pir2c
∫ rc
x
dr
r cosn(θ(r))√
r2 − x2 (25)
Unfortunately, the integral in Eq.25 has no analytical
solution in terms of simple functions. It is remarkable
that the angular distribution keeps track of the power-
law index n. In4 it was inferred, based on unpublished
numerical simulation that θ(r) as a function of r is given
by
θ(r) = θ0
(
r
rc
)2
(26)
where θ0 ∼ 43◦. It can be seen that this dependence
satisfies the condition that the strand angle is small close
to the cable axis and large at the cable edge.
IV. CONCLUSIONS
The analysis presented in this paper show that there
are two limiting cases concerning the current transfer in
cable in conduit conductors which influence the average
procedure which must be performed when calculating dif-
ferent cable properties. Let us follow the strand position
as it meanders in the cable cross-section starting from
a position at or very close to the Bmin position. The
initial current in the strand is I ≤ Ic(Bmax). As the
strand is moving in regions with higher field B ≥ Bmin
where I ≥ Ic(B) some current transfer ought to take
place to neighboring strands. If the transversal inter-
strand resistance is negligible small, the excess current,
δI = I − Ic(B) is easily transfered and the current in
the strand follows nearly the variation of Ic(B(x)) in the
cable cross-section. The consequence is that the cable
cross-section is divided in vertical stripes where the field
and the current in the strands are constant and the av-
erage is calculated with the distribution function from
Eq.6.
If the transversal resistance is very large, the surplus
current can not be transfered and strands with an excess
current will penetrate in the high field region of the cable.
In this case the cable cross-section is divided in circular
regions where the local magnetic field varies linearly be-
tween B0 at the center and Bmax on the cable boundary.
The average is calculated with a different distribution
function Eq.15.
The boundary value of the transversal resistivity, ρ∗t
between the two regimes can be set by comparing the
current-transfer length, Eq.1 with the length of the last
twist pitch of the cable pS
LCT =
(
0.1
n
) 1
2
(
ρ∗t
ρc
) 1
2
Dc = pS (27)
Solving for ρ∗t one gets
ρ∗t = 10nρc
(
pS
Dc
)2
(28)
As can be seen, if the inter-strand transversal resistiv-
ity ρt ≤ ρ∗t , the current redistribution is very effective.
The limit value is proportional to n the power -law index
of the strands, increases with the square of the last twist
pitch length and is inverse-proportional to the square of
the cable diameter. Cables with large n, long last-stage
twist-pitch length pS and small diameter Dc have large
ρ∗t values and better tolerance to higher transverse inter-
strand contact resistance.
In both cases formulas for the calculation of the proba-
bility distribution function for the magnetic field are also
presented.
A second issue treated in this paper is connected with
the fact that the strands in a cable-in-conduit conductor
do not cut the cable cross-section at right angles nor at
any other constant angle. The cut angle is rather dis-
tributed, increasing monotonically from a small value for
strands near the center of the cable to almost 90◦ at the
cable border. The strand is therefore characterized not
only by the position coordinates xi(z) and yi(z) in the ca-
ble cross section but also by the angle it has with a given
transversal cut through the cable. The cable phase-space
must be extended to the set {xi(z), yi(z), x′i(z), y′i(z)}i∈N
with x′i = dxi(z)/dz and y
′
i(z) = dyi(z)/dz. The new dis-
tribution function, taking into account this effect is given
in Eq.25. The statistical mechanical approach sketched
in this paper, based on the concept of viewing the strands
as particles in movement could be very useful for the
complete understanding of the complicated thermal and
electromagnetic properties of cable-in-conduit conduc-
tors with twisted strands and multi-stage structure. We
used here only one concept borrowed from statistical me-
chanics, the concept of ergodicity which allows one to re-
place the average over the length by an average over the
cable cross-section.
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